Let G be a monoid with identity e, and let R be a G-graded commutative ring. Graded weakly prime ideals in a G-graded commutative ring have been introduced and studied in [3] . Here we study graded weakly prime submodules of a G-graded R-module. A number of results concerning of these class of submodules are given. For example, we give some characterizations of homogeneous components of graded submodules.
Introduction
Weakly prime ideals in a commutative ring with non-zero identity have been introduced and studied by D. D. Anderson and E. Smith in [1] . Also, weakly primary ideals in a commutative ring with non-zero identity have been introduced and studied in [2] . Here we study the graded weakly prime submodules of a G-graded R-module (see sec. 2). Before we state some results let us introduce some notation and terminology. Let G be an arbitrary monoid with identity e. By a G-graded commutative ring we mean a commutative ring R with non-zero identity together with a direct sum decomposition (as an additive group) R = ⊕ g∈G R g with the property that R g R h ⊆ R gh for all g, h ∈ G. Also, we write h(R) = ∪ g∈g R g . The summands R g are called homogeneous components and elements of these summands are called homogeneous elements. If a ∈ R, then a can be written uniquely as g∈G a g where a g is the component of a in R g . Moreover, R e is a subring of R and 1 R ∈ R e .
Let R be a G-graded ring and M an R-module. We say that M is a Ggraded R-module if there exists a family of subgroups {M g } g∈G of M such that M = ⊕ g∈G M g (as abelian groups), and R g M h ⊆ M gh for all g, h ∈ G, here R g M h denotes the additive subgroup of M consisting of all finite sums of elements r g s h with r g ∈ R g and s h ∈ M h . Also, we write
Clearly, 0 is a graded submodule of M. If N and K are submodules of an R-module M, the ideal {a ∈ R : aK ⊆ N} will be denoted by (K : R N).
Graded weakly prime submodules
Let R be a G-graded ring, M a graded R-module, N a graded submodule of M and let g ∈ G. We say that N g is a g-prime submodule of the R e -module M g if N g = M g ; and whenever a ∈ R e and m ∈ M g with am ∈ N g , then either m ∈ N g or b ∈ (N g : Re M g ). We say that N is a graded prime submodule of M if N = M; and whenever a ∈ h(R) and m ∈ h(M) with am ∈ N, then either
Our starting point is the following definitions:
(
ii) We say that N is a graded weakly prime submodule of M if N = M; and whenever a ∈ h(R) and m ∈ h(M) with
Clearly, a graded prime submodule of M (resp. a g-prime submodule of M g ) is a graded weakly prime submodule of M (resp. weakly g-prime submodule of M g ). However, since 0 is always a graded weakly prime submodule of M (resp. a weakly g-prime submodule of M g ) (by definition), a graded weakly prime submodule (resp. a weakly g-prime submodule) need not be graded prime (resp. g-prime). (ii) If K and N/K are graded weakly prime, then N is graded weakly prime. Proof. Suppose that N is a graded weakly prime submodule of M. For g ∈ G, assume that 0 = am ∈ N g ⊆ N where a ∈ R e and m ∈ M g , so N graded weakly prime gives either m ∈ N or a ∈ (N :
Proposition 2.2 Let
Proof. (i) Let 0 = a(m + K) = am + K ∈ N/K where a ∈ h(R) and m ∈ h(M), so am ∈ N. If am = 0 ∈ K, then a(m + K) = 0, which is a contradiction. If am = 0, N graded weakly prime gives either a ∈ (N : R M) or m ∈ N; hence either m + K ∈ N/K or a ∈ (N/K : R M/K), as required. (ii) Let 0 = am ∈ N where a ∈ h(R) and m ∈ h(M), so a(m + K) ∈ N/K. If am ∈ K, then K graded weakly prime gives either m ∈ K ⊆ N or a ∈ (K : R M) ⊆ (N : R M). So we may assume that am / ∈ K. Then 0 = a(m + K) ∈ N/K. Since N/K is a graded weakly prime, we get either m ∈ N or a ∈ (N/K : R M/K) ⊆ (N : R M), as needed.R M). If m ∈ N, then m ∈ N g . If a ∈ (N : R M), then aM g ⊆ aM ⊆ N; hence a ∈ (N g : Re M g ). So N g is a weakly g-prime submodule of M g .
Proposition 2.5 Let R be a G-graded ring, M a graded R-module and N a graded weakly prime submodule of M. Then for each
Proof. By Lemma 2.4, N g is a weakly g-prime submodule of M g for every g ∈ G. It is enough to show that if (N g : Re M g )N g = 0 for some g ∈ G, then N g is a g-prime submodule of M g . Let am ∈ N g where a ∈ R e and m ∈ M g . If am = 0, then either m ∈ N g or a ∈ (N g : Re M g ) since N g is weakly g-prime. So suppose that am = 0. If aN g = 0, then there is an element n of N g such that an = 0, so 0 = an = a(m + n) ∈ N g , and hence N g weakly g-prime gives either a ∈ (N g :
Since we assumed (
We next give three other characterizations of homogeneous components of graded submodules. 
). So we can assume that rK = 0. Suppose that Ix = 0, say ax = 0 where a ∈ I. Then N g weakly g-prime gives a ∈ (N g : Re M g ). It follows from the equality (r + a)x = ax that r ∈ (N g : Re M g ), so I ⊆ (N g : Re M g ). Therefore we can assume that Ix = 0.
Since IK = 0, there exist s ∈ I and y ∈ K such that sy = 0. As 0 = s(y + x) = sy ∈ N g we divided the proof into the following cases:
Case 2 s / ∈ (N g : Re M g ) and y + x ∈ N g . As 0 = sy ∈ N g we have y ∈ N g , so x ∈ N g , which is a contradictin.
Case 4 s ∈ (N g : Re M g ) and y + x / ∈ N g . Since 0 = (r + s)(y + x) = sy ∈ N g it follows that r + s ∈ (N g : Re M g ), so r ∈ (N g : Re M g ). Hence I ⊆ (N g : Re M g ).
( 
